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Abstract 

The classical and quantum dynamic of a nonlinear chareged vibrating 
string and its interaction with quantum vacuum field is investigated. 
Some probability amplitudes for transitions between vacuum field and 
quantum states of the string are obtained. The effect of nonlinearity 
on some probability amplitudes is investigated and finally the corect 
equation for string containing the vacuum and radiation reaction field 
is obtained. 



1 Introduction 

In QED a charged particle in quantum vacuum interacts with the vacuum 
field and its own field known as radiation reaction. In classical electrodynam- 
ics there is only the radiation reaction field that acts on a charged particle 
in the vacuum. The vacuum and radiation reaction fields have a fluctuation- 
dissipation connection [l]and both are required for the consistency of QED. 
For example the stability of the ground state, atomic transitions and lamb 
shift can only be explained by taking into account both fields. If self reaction 
was alone the atomic ground state would not be stable[l,2]. In some cases 
the self reaction effects can be derived equivalently from the corresponding 
classical radiation theory [3] . When a quantum mechanical system interacts 
with the quantum vacuum of electromagnetic field, the coupled Heisenberg 
equations for both system and field give us the radiation reaction field. For 
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example it can be shown that the radiation reaction for a charged harmonic 
oscillator is ^3-, [1,2]. One method for generating coherent states is by in- 
teracting a classical current source with the quantized electromagnetic field, 
where the probability P n for emission of n photons when neither the mo- 
menta nor the polarization are observed is a poissonian distribution [4]. In 
this paper, we investigate the quantum dynamics of a non-linear nano-scale 
charged string and it's interaction with the quantum vacuum field. The 
effect of nonlinear term on probability amplitude for some transitions are 
investigated. In the last section the radiation reaction field for the quan- 
tized vibrating string is derived and it is shown that the correct equation 
for string contains the vacuum as well as the radiation 

2 Quantum nonlinear dynamic of a nano vibrat- 
ing charged string. 

Consider a nano-string with lenght L on x-axis and let's apply the periodic 
boundary conditions. The mechanical wave function y(x,t) of this string 
satisfies the following non-linear equation 



where 7 and v are constant depend on the string .this equation can be 
obtained from the following Lagrangian density 







the canonical momentum density corresponding to y(x, t) is 



Tr y (x,t) 



d(d t y) 



d£ 



dy(x,t) 
dt 



(3) 



and the canonical quantization rule is [5] 




(4) 



The lagrangian density ©give us the Hamiltonian 



H a (t) 



L 



dX[ 2 + 2 [ dx> + 24 7 W '■ 



(5) 
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By expanding y(x,t) and n y (x,t) in terms of orthogonal periodic functions 



e l 

+00 +00 
y(x,t)= Yl C n {t)e— ir y (x,t)= Cn(t)e— (6) 

n=— 00 n=— 00 

by using of (@J we find the following commutation relations 

i + % 

[C n (t),C m (t)] = —5n-m [C n (t),C m (t)] = —b n .ra, (7) 

because of hermiticty of operators y(x,t) and Tr y (x,t) we find from ©, 

Cl(t) = C_ n (i), Cl(t) = CL n (*), (8) 
now we rewrite the Hamiltonian © in terms of C n 's 

H s {t) = His + 

L +oc ■ f L +oc 

Hls = 2" X! C n (t)C n + — Y ^ICnCl 

n=—oo n=—oo 
+00 



H2s — — Yj ^n,s,tC n C s CtC n 



4 

J n+s+t 

n,s,t=—oo 



M n>s , t = -^nst{n + s + t) (9) 

where oj n = . Hamiltonian Qgive the Heisenberg equations for Cj's 

+00 

Cj + ujjCj = Y LsfCgCtCg+^j 

s,t=— 00 

Ls,t = -^st(s + t-j) (10) 

Let us define the operator 0(t), for any operator s in schrodinger picture 
as 

5(t) = e iH ist s e -iH ls t^ ( 1V) 
so in the special case for the operators C n (t) we have 

C n (t) = e iHlst C n (0)e~ iHlst = Bl n e iWnt + B n e~ iuJnt . (12) 
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where we have used from (jHJ). New operators B n and B_ n , are annihilation 
and creation operators of phonons of type |n), i.e, with the wave function 
-l= e (~ x ) a nd satisfy the following commutation relations 

[Bn,BU = ^. (13) 

A state with j phonons in fock space with the corresponding modes, si,s%, ...,Sj, 
is denoted by \s±, S2, Sj >, such that 

1 j 

B m \ Si , S2 , • • -Sj ) — ^== ^ ' <5m,s r | ^1 ; S r — \ , Sr+1 ; ■ • -Sj ) , 

V -Z-LuJm r=1 

S^lai, s 2 , ...Sj) = -^==|m, a x , ...a,-), (14) 

substituting C n (0) = C n (0) from (fT2|) in Q, gives the Hamiltonian in 
schrodinger picture 

tts tts i t_ts 

H s — H ls + H 2s 

n 

HL = -6 E M n , s> - t BlBlB t B n+s - t - 4 £ M n ^ t B\B s B n B t - s ^n 

n,s,t n,s,t 

- E M n , s ,tBiBiBjBl n _ s _ t - 4 M njS}t BlB\BtB n+s+t 

n,s,t n,s,t 

- E M ni s,tB n B s B t B- n - s - t (15) 

The eigenvalues of iff up to the first order perturbation, can be obtained 
from the following relation 



i=l 



4ll,s, = (8 1 ,...,B j \Hi,\8 1 ,...,8 j ) = EE 3^L S " S r- ( 16 ) 

i=l rj^i s i s r 

Let \ip(t)) s be the state vector in shrodinger picture and difine \ip(t)) = 
e~ tH2at \ip(t)) s ,then \i/)(t)) satisfies the time evolution quation 
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and up to the first order perturbation |Y>(i)) we have 

W)) = (l-» dhH^i^WP)). (18) 
J o 

For example if |Y>(0)) is the vacuum state of string |0) then 

SCO) = |0> + • E /rtr /^ K i, *, -n - i - S ) 

gin (oM+a^+o; . B +a;„ + , +8 ) t ( „„ + „ 1+ „ a+ „ n+t+j)t 

x ? e 2 iq 

UJn+LOl+Uls+^n + l + s V 7 

2 

and If IV'(O)) = b')i i- e > the string is in it's j-th mode, for some j then 

mf) = \j) + 4»]T Mn ' 8 '- j |n, a, j - n - s) 

n,s W (2L) 4 w„u; s u;ju;.,- 

—n—s 

sin( {Wn+Ws+w *- n -'~ Wi) )t >n+^+"i 



x : - — g 



2 



+i E^r u M "' M = |j,n,Z,s,-n-l-s) 

X ± —6 2 

(lJ n +a;;+^ s +^ n+ i + 3 ) 

2 



(20) 



which gives the probability of transition \j) — > |p, g, r) after passing a long 
time 

|(p,<?, | 2 = -g (jpgr) 2 (5 ii p + g +r (5((jp + a;g+cj r -a; i ) 

L/ U)pOJ q(jJ r UJ j 

(21) 
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We can also determine C n (t) up to the first order aproximation to be 
C n (t) = E n e lw - 1 + F„e-^"* 

+ L s-j B t B j B s+j+n jtuje+cj.-Lj.^-^t 

+E 
+E 

s,j 





— (lO s + LOj — LO s +j- 


\ 2 
-n) 


^-s,-j B t B j B -s-j- 


n 


LO„ 


— (w s + LOj + LO s +i- 


} 2 

-n) 




L-sjBlBjBg+n-j 




<4 


— (lO s — LOj — LOs+j- 


) 2 
-n) 




L -s,jB\B]_ s _ n Bj 






— (lO s — LOj + W s +j- 


\ 2 
-n) 




Ls,-jBjB s B n +j- s 






— (LOj — L0 S — LO s +j- 


\ 2 
-n) 




Ls,- 3 B]B\_ n _ 3 B s 






— (iJj — UJ S + UJ s +j- 


) 2 
-n) 




s ,j -Bj ^ s -^n —s—j 






- (Uj + LO s + ^s+j- 


) 2 
-n) 




L s,jB s+j _ n BjB s 






— (LOj + LO s — LO s +j- 


) 2 
-n) 



•E- - 



p i(wj-w a —w 3+ j-„)t 

i,) 2 — — !■/)„ — in. i „ > \2 



+ ^ L S,jBjB s B n - S -j e -i( Wj +u> a +u> a+j - n )t 

I 1J s,j JD s+j-n- D j- D s c -i(u)i+u} s -u) a+i - n )t ^2) 

^ ,,,2 _ f,,, . _|_ ,,, _ ,,, , . ^2 

s,j 

and the operators E n , F n , can be determined from the initial conditions 

C n (0) = Bl n + B n , 

C n (0) = iu n Bl n - iLo n B n . (23) 
3 Interaction with the quantum vacuum field 

When the quantized vibrating string interacts with the quantum vacuum of 
the elctromagnetic field, the total Hamiltonian can be written as 

H = H s + Hp + H' = His + H 2s + H F + H', (24) 
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where H s = H\ s + H2 S , is the string Hamiltonian defined in@, Hp is the 
Hamiltonian of the vacuum field and H' is the interaction part, defiened by 

Hf = [ d 3 x[--ir^ + - J2(dkA u )(d k A»)] 
J k=i 

H' = J d 3 xj^, (25) 

where tt^ = — \ s canonical momentum density corresponding to and 
the Lagrangian density of the electromagnetic field is [5] 

£' = ~(d li A v )(d»A v )-j li A». (26) 

Suppose a vibrating medium has the electrical charge density p(x), and let 
ff(x, t) be the mechanical wave propagating in the medium, i.e, ff(x, t) is the 
departure from the stable state of an infinitesimal element with center x, 
this vibrating medium interacts with the quantized electromagnetic field as 
follows, 

H' = J j^{x,t)A»(x,t)d 3 x = J d 3 xp(x)[A°(x,t) +VA°(x,t) -ff(x,t) 

- ^^■AS,t)-mt).V)A(x,t).^^ + -..], (27) 

where p(x) is the charge density before the medium starts to vibrating. We 
rewrite H' up to the dipole approximation so 

73^ f ja„„r*\(xt AQrx *\ i dl(x,t). 



j fl (x,t)A'"{x,t)d i x ~ / d'xpixXVA^x^) + — ■ rj(x,t) 



d 6 xP(x,t) ■ E(x,t), (28) 

where P(x, t) is the electric dipole density of the vibrating medium. For the 
string with a charge density a and length L stretched on the x 1 axis which 
its two ends are at x = and x = L we can write the charge density field 
as follows 

p(x) = a<5(x 2 )5(a; 3 )(n(x 1 ) - uix 1 - L)), (29) 

where u is the step function, assume that the string vibrates only in the x 2 
direction such that y(x 1 ,t)j be the corresponding mechanical wave function, 
so by using (|28|) . the interaction part of the Hamiltonian can be written as 

rL 

H'(t) = -a / dx 1 y{x\t)E 2 (x 1 , 0,0, t) (30) 
Jo 
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By defining H := H la + H F and H" := H 2s + H' such that H = H + H" , 
we have in the interaction picture 

+00 

yi(x\t) = e iHot y(x\0)e- lHot = J2 (B n e~ i ^ t+iknxl + ^t^KM^ 1 ) 

n=— 00 

+00 

{-K y ) I {x 1 ,t) = e iHot 7r y (x\0)e- iHot = i IwnKSte*'""!*-**"* 1 - B^^KI^™* 1 ) 

71— — OO 

(31) 

where k n = ^j^,uj n = ■ The new annihilation and creation operators 
B n and B^ of the string satisfy the commutation relation Q13JI . For elec- 
tromagnetic field we can write the following expansions in the interaction 
picture 

r cfik 3 - - 

J \/2(2-K) 6 uJk f-1 



J V2(27r)-*u; fc ^ 



£>(^) = <E/^*^^^ A )( 6 W e ^* + * 5r - 6 L ei,, * t " rf ' Sr ). 

(32) 

and the creation and anihilation operators 6^ and fet, satisfy the comutation 
relation 

[&*A,&L A '] = <5 AA' ( 33 ) 
one can easily obtain the Hamiltonian (Hq)i in the interaction picture 

+00 „ 2 

(H )! = H = L ]T u 2 n BiB n + Jd 3 kY Ukb\ x b kx . (34) 

n=— 00 ' A=l 

If we ignore H2 S in the Hamiltonian H" , i.e, if" = if', and write H' in the 
interaction picture as 

rL 

H'j(t) = -a y I (x l ,t)E](x 1 , 0,0, t)dx l , (35) 
Jo 

then by substituting yj(x 1 ,t) from (|3~Tj) and Ej(x , 0, 0, t) from one can 
obtain H'j(t) and calculate the probability amplitude for various transitions. 
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Up to the first order perturbation, the evolution operator , in interaction 
picture, is 



oo, — OOJ 



1 



H'j(t)dt, 



(36) 



for example the probability amplitude for transition from \0)p (g) \m) s to 

W,r) F <8>\0) a 
is 



-iq 1 L 



e (q,r)5(uj q - \u m \)- 



1 



(37) 



2^/2nL\uj m \ k m - q 1 

where q and r are momentum and polarization of the created photon re- 
spectively, m is the quantum number for string quanta, \Q)p and |0) s are 
electromagnetic and string vacuums respectively. In the second order per- 
turbation we have 



c/( 2 )(+ 



oo, — OOJ 



/+oo i r+oo r+oo 

Hi(t)dt-- dt x dt 2 T{H'(t 1 )H'{t 2 ), 
-oo ^ J —oo J —oo 

(38) 

by using of wick theorem [5] the last term can be written as 



+oo 



+oo 

Y l d h 



dt 2 T(H'(t 1 )H'{t 2 ) 



dx 1 



+oo 



dU 



dz l 



X 

+ 
+ 



y I {x\t 1 )E 2 I {x\0,0,t 1 )y I (z 1 ,t 2 )E 2 I (z 1 ,0,0,t 2 ) : 
^(ar 1 ,0,0,ti)^(^ 1 ,0,0 > t 2 ) : (Olvdx 1 ,t 1 )y I (z l ,t 2 )\0) 
yi(x 1 ,t 1 )yi(z 1 ,t 2 ) : (Ol^fCx 1 , 0, 0, ti)^!^ 1 , 0, 0, * 2 )|0> 



+ (0\y I (x\ti)y I (z\t 2 )\0)(0\E 2 I (x 1 ,0,0,ti)E 2 I (z 1 ,0,0,t2)\0)}. (39) 

where : : denote the normal ordering. The second term under integral has 
no efect on the probability amplitude of those transitions that initial and 
final string states are different, The third term under integral has no efect 
on the probability amplitude of those transitions that initial and final pho- 
ton states are different, also the last term has no effect on the probability 
amplitude of those transitions that initial and final states both string and 
electromagnetic field are different. By substituting yj(x ,t) from (|3*Tj) and 
Ej^x 1 , 0, 0, t) from (|32j) into the first term in above equation, one can cal- 
culate the probability amplitude for some special transitions. For example 
probability amplitude for the transition 
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\m) g> \p,ri) F —> \n) ® \q,r 2 ) F is 

cr 2 ^uT p ( e -^-l)( e V 
-.£ (p,ri)E (q,r 2 )d(u q - \u) m \)5[u p - \oj n \)- 



m t /l Ti r vri'i^- \HTt)»v~q \^m\j^\^p n iw, 

lQTTL^\uJ m \\UJ n \ {Kn-p L ){kn 



If we keep H 2s in H" ,then H" = H' + H 2s and up to the first order pertur- 
bation, we have 

[/W(+oo,-oo) = l-z J^dt j\ x ^^(^I^lf + a yi (x l ,t)E](x l ,0,0,t)} 

(41) 

in this case, the term ^( ) 4 nas no effect on the probability amplitude 

of those transitions that the initial and the final photon states are different. 
In the second order perturbation, we can write 



i r+oo f+oo 

- 7: dh dhTiH'it^H'ih) 

* J—oo J—oo 

^ r+oo rL r+oo rL 

= / dh / dx 1 / dt 2 / dz 1 

2 J-oo JO J-oo JO 

v r7 2 rpr. { dy(y L ti) 4 _ f dy(z 1 ,t 2 ) ^ , 
X W [ ' ( 9xi i - ( a? j - J 

+ ^T[:^\t0^(x\0,0,t0::(^)) 4 ] 

- a 2 T[: y(x\h)E 2 (x l ,0, 0, ti) :: t 2 )E 2 (z\ 0, 0, t 2 ) :]}. (42) 

The first term under integral has no effect on those probability amplitude 
that the initial photon state is different from final photon state. the effect 
of fourth term under integral is similar to ()39|) and has no effect on some of 
transitions. For example transition \m) s <g) |/) s |/) s <g> \0}f — ► \n) s <8> \j)s ® 
W, r)F 
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up to the second order perturbation, has the following probability amplitude 

-ja£ 3 (p,r) / (2?r -fuj p 

e -ip 1 L _ 2 

x{mlnj5(uj n + ujj - to m - toi)5{ujf - u) p )5 m+ ^ n+j — 2 — r 

P L 
e -ip 1 L _ ^ 

+mfnj5(uj n + Uj -u m - tv f )5(uji - u p )5 m+ f >n+j — 

P ZT 
e -ip 1 L _ ^ 

■}, (43) 

P L ) 



which is only the effect of the second and third term in (|42j) .That is only 
the nonlinear term ^/[(^f) 4 in Hamiltonian ©has a nonzero effect in this 
probability. Also the probability amplitude for transition |m) s <8> \l) s ® |/)s ( 8 ) 
\j)s ® \0) F — > \n) s (g) \p,r) F is 



-jae 3 {p,r) (2tt) 9 w p 



i^/UJlUJfUJ m LJ n UJj V 



x{mlnf5(uj n - oj f - u m - uJi)5(ojj - oj p )5 m+ i + f tn — 2 — r - 

P -~r 

e -ip 1 L _ -y 

+(mlnj5(uj n -ui-u m - ujj)5{ujf - u p )6 m+ i +j j— 2 — r 

P ~L 
e -ip 1 L _ ^ 

+lfnj5(u n - -ui- uif)8{u m - uj p )5i +f+j , n - 2wm 

P TT 

e -ip 1 L _ 2 

+mfnj5(uj n - loj - u m - Uf)8(ui - w p )5 m+/+J> — 2 -^-} (44) 

P ZT 

which is only due to the efect of nonlinear term ^(Jp-) 4 

4 The effect of vacuum field and radiation reaction 

In this section we use the coulomb gauge for finding the radiation reaction 
effect, for this purpose let us write the free part of the electromagnetic field 
as 

H F = ^J d 3 x((E 11 ) 2 + {E L f + 2E L 3\ + B 2 ) (45) 
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where E 1 - = — and E« = — V^4°, Hp can be rewritten simply as 

Hf = \S d3x ^ 2 + + d 3 x JO (x,t)A°(x,t), (46) 

where the last term is the coulomb interaction of the string with itself which 
clearly is divergent and we may ignore it because we are not interested in 
self interaction effects. So the effective Hamiltonian can be considered to be 

H = H F = l -j d?x{{E L f + B 2 ) = Y, u k (al x (t)a kx (t) + -), (47) 

and accordingly the total Hamiltonian is 
H = H s + H F + H' = 

2 If 

= H s + Uk{a\ x {t)a kX {t) + -)- dx 3 j{x,t).A(x,t), (48) 
a=i 1 J 

where H s is defined in ©. The interaction part of the Hamiltonian (|27j) up 
to the electric dipole approximation is given bv (|3U|) which gives the Heisen- 
berg equation for y(x 1 ,t) as 

The vector potential A and transverse electrical field are defined by [1] 

r d 3 k 2 x -, 

A(x,t) = / /ofo * Y,Mt) e+ + A x (t)e- ik -*)e(k, A) 

E^(x,t) = f f*™* ^(a fcA (t)e + ^--4 A (t)e- g --)6(fc,A),(50) 

where the time dependence of a kX (t) is not simply as a kX e~ lWk and must be 
specified by Heisenberg equation so 

d kX (t) = i[H, a kX (t)} =i[H s + H F + H 1 ] 

= -iu k a kx (t) - ^^ £ 2 (fc, A) £ dzy(z, t)e~ lkX \ (51) 

where we have used the commutation relations [a k > X i(t), a\. x (t)] = 5 X y5(k — 
k'). A formal solution for above equation can be written as 



a kX (t) = a M (0) e -^*-ayL^ £ 2 (fc, A) J* tfe^W £ dzy{zj)e~^\ 

' (52) 
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now by substituting dk\(t) from equation (|52|) in electrical field expression 
(|5U|). one obtains the electrical field as the sum of two parts, the first part 
is nothing but the vacuum field which is 



' A=1 (53) 

the second part is the radiation reaction field 



x / dt' I dzy(z, t') 5{t - t' + (a; 1 - z) cos 9). (54) 



d 3 

o ~" Jo -^-'^W)* 

Integration by parts respect to t' and then inserting 2~^a=i( £2 (^; -^)) 2 = 1 ~ 
sin 2 # cos 2 93 and doing integrals with respect to 9, ip, we at last come to the 
following relation for radiation reaction component 

eUM) _ '- j o L d * I p^^'f Dpf I s) (55) 

the first term, i.e, m = gives the first order approximation of 

EU^AO,t) = ^J o L dz^^l, (56) 

that may be compared with radiation reaction field due to one dimensional 
harmonic oscillator [1]. Using (|56|). the Heisenberg equation (|49|) can be 
written like this 

<9 2 y 2 d 2 y j dy 2 a 2 f L d^yi^t) 2 : 

(57) 
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